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Abstract-A strain cnergy function is obtained for nonhomogeneous. laminated. compositc plates
for the case when each lamina exhibits monoclinic material svmmetrv about its middle surface. The
starting point is the three-dimensional strain energy based' on gel;metrically nonlinear elasticity
theory. The variational-asymptotical method is used to decompose the nonlinear three-dimension'll
problem mto two separate problems: (I J a linear. through-the-thickness. one-dimensional analysis
III obtain appropriate plate elastic constants and relations between plate deformation ~'ariables and
three-dimensional results; .lnd (~) a nonlinear. two-dimensional analysis to analyse the plate
deformation. Closed-form analytic.I! expressions are derived for the plate elastic constants as well
as the displa~"Cment and strain distributions through the thickness of the plate. Even with this
gem:rality. no morc vari,I"les arc involved than in ReissnerMindlin plate theory. Also. in spile of
the simple form for the plate strain energy. there arc no restrictions on lhe magnitudes of dis
placement and rotation me.lsures. Two 'Ipproximations are o"tained in the through-the-thickness
.. n'llysis. the lirst !>eing equivalent til c1assieall'1lI1inated plate theory.•lnd the second incorporating
shear deform,llion clfct:ts. The lirst "ppnlximation is 'lsyml'totieally correct f(lf pl"tes of the form
I:onsidered. The sel:oml ;Ipproxim"tion is asymptotil:;llIy I:OrrL"l:t fllr pl.ltes with eert"in addition;tl
m.tterial restril:tions. In applying the method. one lirst solves the through-thc-thkknl.'Ss problem
;1I1t1 then uses the resulting clastic constants to pose the nonlinear plate problem. After solving the
nonlinear problem. one suhstitutes these results hack into the linear three-dimensiunal rehltil>ns li,r
displaccment alltl strain throughout the plate.

INTRODUCTION

When a flexible structure has one dimension that is much smaller than the other two. it can
often be tre~lted as a plate. a two-dimensional structure. Many engineering structures can
be ide~tlized ~tS plates. leading to much simpler equations than would be obtained if three
dimensional elasticity were used to model them.

Although dimcnsion~tl reduction processes can be simple for homogeneous. isotropic
plates. and especially for restricted cases of deformation. they are far less tractable for
nonhomogeneous. laminated composite plates undergoing arbitrary deformation. Specifi
cally. dillkulties arise in obtaining a two-dimensional strain energy function that is equi
valent. at least in some sense. to the three-dimensional representation. For nonhomo
geneous. anisotropic pl'ltes. all possible deformations of the three-dimensional structure
must be included in the formulation. This in turn suggests that it is necessary to remove
Ihe well-known restrictions that are typic~tlly imposed in a plate analysis.

Kin..:hhofrs c1'lssical pl~ttc analysis reveals the well-known behavior for linear defor
mation of homogeneous. isotropic plates [see Reissner (1985) and the references cited
therein]. A line element of material normal to the plate mid-surface when the plate is
undeformed remains stf4tight and norm~11 to the reference surface of the deformed plate
during pure extension or pure bending deformation. The length of such line elements is
contracted ("out-of-pl~tne" w'lrping) due to Poisson effects which are manifested in the
transverse norm'll strain. This beh'lvior allows the determination of six different stiffnesses.
One cxtcnsional stiffncss (the samc in two directions). one stiffness coupling the extension
in two orthogonal dircctions duc to Poisson effects. one bending stiffness (the same in two
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directions). one stiffness coupling the bending in two orthogonal directions due to Poisson
effects. one in-plane shear stiffness, and one twisting stiffness.

In order to relax the requirement that originally normal line dements remain normal.
one must introduce into the displacement field two additional variables which depend on the
surface coordinates and govern the orientation of the originally normal line element. In
addition. points aligned along an originally normal line element do not remain on a line
normal to the deformed plate ("in-plane" warping). The Reissner-Mindlin shear deformation
theory incorporates one additional stiffness (the same in two directions) due to transverse
shear. The shear stiffness can also be written in terms of the shear modulus of the material.
the thickness of the plate. and a factor of ~. the so-called "shear correction" factor. The
transverse shear stress turns out to be of a higher order than the in-plane stresses by a factor
of II I where II is the thickness of the plate. and I is the wavelength of the deformation pattern.

Such simple characterizations are not possible for analysis of nonhomogeneous. aniso
tropic plates. There are some simplifications for laminated plates, if by "laminated" we
mean plates constructed of individual thin plates. each one of which having monoclinic
material symmetry about its midplane. Even this subset of the more general problem is a
monumental challenge and has attracted an enormous amount of attention. Due to spal:e
limitations it is not possible to cite more than a fraction of the work in this ficld·--even in
the last decade. The reader is encouraged to refer to the recent review papers of Noor and
Ilurton (19l'i9) and Libresl:u ;lIld Reddy (19l'i9) on laminated wmpt1site plate modding.
These. along with the 1:00nprehensive disl:ussion on the history and the development of
plate theories by Reissner (19S5) should give the inten:sted reader an apprel:iation for the
ditlil:ldties involved in this suhjt:l:t.

In mudl of the literature I:ited in these review papers. it is typical for theories ttl have
mon.: displal:ement/rotation varia hIes than the Reissner Mindlin theory. This is done in
two ways: (I) displacement varia hies whidl arc assol:iated with the individual layers I:an
he I:arril:d along. the number of whidl depends on the numbt:r of byers in the plate: (2)
the displal:ement field llIay he expanded through the lhil:k ness in terms of polynomials. ami
the higher-order eodlil:ients I:an then he I:arried along as ;Idditional variahlcs. The former
approadl involves a large number of degrees of freedom in finite element implementations.
The !;llter. bel:ause of possible disl:ontinuities in materi;t1 properties between lamina, is
inl:apablc of giving exal:t reprodul:tion of 4uantities whidl have dist:ontinuous values or
derivatives through the thil:kness. Thus this method may not yield sul1iciently aCl:urate
results for displal:emellt. strain and stress distributions throughout tht: plate. and it may
not sullke to accurately determine elastic constants.

Even if the number of variables for an anisotropil: plate theory were wnstrained to be
the same as that of the Reissner-Mindlin theory. there could be elastic couplings among
all the global deformations. This means that instead of seven fundamentally ditl'en:nt
stitl'nesses, then: could be as many as 36 (a fully populated, symmetric 8 x 8 matrix). The
in- and out-of-plane warping deformations may be coupled. If the plate is restricted to be
laminated as defined above, thc.:n certain of the 36 constants will vanish. and the call:ulation
of others will be simplilied. In order to obtain the correct elastic couplings in a consistent
manner, all possible deformations of the plate would need to be included.

Therefore, in this paper our starting point is a general three-dimensional analysis of
deformation. This general representation will then be simplified by usc of the variational 
asymptotil:;t1 method, developed by Ikrdid1evsky (I ')79). The present work extends the
work of Berdil:hevsky (1971)) to yield an ilpproximation of the strain energy for non
homogeneous. laminated plates. Finally. relations arc derived whidl allow for complete
rel:overy of the three-dimensional disp(;lI:ement and strain (or stress) fields from the results
of a two-dimensional analysis. In spite of this gent:rality. the numher of vari;lbles remains
the same as in Reissner-Mindlin plate theory.

TH REE-Dr MENSIONA L FOR \flJ LArio:'>!

A plate is a flexible body in which maller is distrihuted ahout a planar surface so that
one dimension. It, is significantly smaller than the other two. (Although much of the present
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analysis can be easily extended to treat shells. herein we consider only plates.) The plate is
assumed to be nonhomogeneous only through the thickness. consisting of possibly distinct.
possibly layered. anisotropic materials; note that material properties and their distribution
vary only through the thickness of the plate. Furthermore. we assume that the plate is
constructed of individual thin plates. or laminae. each one of which has monoclinic material
symmetry about its mid-plane. This way. there is no elastic coupling in the three-dimensional
strain energy between transverse normal and transverse shear strains or between in-plane
and transverse shear strains. This still allows the present formulation to be applicable to
laminated. fiber-reinforced composite plates which are typical in current engineering
practice. because the fiber directions in such undeformed plates are parallel to the plane of
the undeformed plate.

In this section. the three-dimensional strain field is developed first. giving emphasis on
three-dimensional plate geometry. The three-dimensional elastic matrix. which relates the
strain to its conjugate stress given next. The strain energy will then be developed and
decomposed into two positive definite quadratic forms. with which more physical under
standing of the problem is gained.

DCl'l:lopfl/cnt of thc strain fidel
Now we turn to the three-dimensional strain field. Throughout the analysis. Greek

indices assume valucs I or 2. Latin indices assume v,lIues I. 2 and 3 and repeated indices
are sumllled over their rangcs.

{fmh:/iJrfllt'el platc .l!c(/lIIt'try. Let us cstahlish a Cartcsian coordinatc systcm X, so that
x, denote lengths along orthogonal lines in the mid-surface 'tIld x, :: h( is the distance of
an arhitrary point to the geometric mid-surface in the undeformed plate. Here ( is the non
dirnensionalthickness coordinate. and the thickness h is taken to he a constant.

Let h, denote ,til orthogonal reference triad along the coordinate lines of the undeformed
plate. The position vector from a fixed point (J to an arhitrary point is

( I )

Hen: r* is the position vector from 0 to an arbitrary point on the mid-surface of the
undeformed plate. Thus

(2)

when: the use of angled hrackets to denote the above integral will be used throughout the
rest of the development.

DejiJrfI/l:el "Iu(c gcometry. (n a similar manner. consider the deformed plate con
figuration. The particle which had position vector r(xi. x~. C) in the undeformed plate now
has position vector R(x I. x~. C). The specific form of R must await the introduction of
several entities related to the deformation.

To this end. we introduce another orthonormal triad B,(x,. x~). called the deformed
plate triad. The orientation of B, relative to h, C,tIl be specified by an arbitrarily large
rotation. and H, is coincident with h, when the plate is undeformed. Rotation from h, to 8,
is described in terms ofa matrix of direction cosines C(x,. x~) such that

8, = C"b,. Ci, = B,' hI" (3)

Once a specific form of the displacement field is introduced. the matrix X whose
elements are defined by
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can be found. Now. following Danielson and Hodges (1987). the polar decomposition
theorem shows that X. can be uniquely decomposed into an orthogonal rotation matrix C
times a symmetric right stretch matrix U.

x. = CU. (5)

Note that the elements of the matrix C are components of the usual tensor of rotation
resulting from the polar decomposition theorem post-multiplied by C r, because X. is resolved
in mixed bases as shown in eqn (4). The matrix of laumann strain components is then
defined by

(6)

where (J is the 3 x 3 identity matrix and f is a 3 x 3 symmetric matrix containing the
Jaumann strain components. In accord'lnce with Danielson and Hodges (1987). the rotation
represented by Cmay be specified by a tlnite rotation vector $,(x 1• x~. x\)8,(x, . .\"~) so that

(= e'~. (7)

where <I> denotes the antisymmetric matrix whose components arc <II, ~ = - <II" <II, \ = <Il~.

<I)~\ = -<Ill. From eqns (5)-(7), we obtain the exact expression

(X)

Using the estimation procedures of Berdichevsky (1l.J7l.J). it is possible to show that the
elements of f and <11 arc small quantities of the order of t:, where /: is the maximum value
of the strain in the plate. This leads to the "small local rotation" theory of Danielson and
Hodges (I l.JX7). Following Danielson (I l.Jl.J I), we then retain only the lowest order terms in
the Taylor series expansions of the matrices in eqn (8), and enforce the symmctry of thc
right-hand side, thus obtaining

r = e '~x.-IJ' ~ (1-<1'>)[1+('1.-1)]-1, ~ x-I-<1> = Xl-I +<1'>. (9)

The following cxprcssions for <1'> and r can be obtaincd as

( 10)

Here r is a 3 x 3 symmetric matrix containing the laumann strain components. The
expression for r is then quite simple once the com~onentsof the deformation gradient are
known. Since the local rotation is of the same order as the strain. it does not appear in the
strain expression.

Spt'cijicutiOf/ of clisplunwu!f/t jielcl. Now, for the purpose of latcr obtaining thc strain
field in tcrms of generalized (i.e. surface) strain measures, we introduce the position vector
from 0 to the points of the average surface of the deformed plate as

( I I)

where u· (XI' x~) is a "displacement" vector. of sorts. This vector is properly understood
as the position vector from a point (xi. x!) on the mid-surface of the undeformed plate to
a point (xi. x!) on the average surface of the deformed plate. It should be evident that u·
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Fig. I. Schematic of plate ueformatwn.

is 11(11 the displal:ement or a partkul<tr material point on the lltid·sl\rJ~Keof the undeforllted
pl<tte. whil:h would oe givcn oy

(I ~)

Now the position vel:tor from () to any arhitrary point on the plate 1:.111 be writtcn as

where II', is the warping of the normal line demenL The resulting displacement fidd is shown
schem'ltically in Fig. I. The shaded surfaces are infinitesimal dcments of the average
surfaces of the undeformed and deformed states. An <trbitrary material point 011' the average
surface is represcnted as a heavy dol. Note that eqn ( 13) indudes all possible deformations.
However, since the w;lrping is a three-dimensional displacement. the function Ris six times
redundanL This redundancy can be eliminated by imposing six conditions on the definitions
of R· and/or B,. In light of eqn (II) which defines R· to be the average position through
the thickness. one can easily show that the warping must satisfy the three constrains

(14)

Equation (13) is still indeterminate until three more dependency rcl'ltions are speeilied for
B, and/or R·, The relations Can result in additional constraints on the warping. depending
on the level orthe approximation. One will be introduced immediately below. in the context
of generalized strains; the other two must be dealt with I;lter in thc context of the reduction
to two dimensions. These concern the orientation of the vector Ill. defined below to depend
on the level of accuracy to whkh the asymptotical approximation is t'lken. In the first
'lpproximation H, is t'lken to oe normal to the average surface of the deformed plate.
whereas in the Sl.'Cond 'Ipproximation we take it to be 'Issociated with .In average rot'ltion
of the normal line elemenL

GCflerali:cd sfraif1.\. Danielson (1991) shows that it is possihle to express the three
dimensional strain field in terms of two-dimensional quantities. the so-called generalized
strain measures. These measures are given by
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( 15)

where ( ).J denotes the partial derivative with respect to X J. The vectors BJ are taken as
normal to BJ and can always be chosen so that £ 12 = £21' (This is one of the three remaining
dependency relations mentioned above. The others are introduced in the context of the
dimensional reduction.) From the fonn of eqn (15), one should understand that adopting
a different definition for BJ changes the expressions for the generalized strain measures in
terms of displacement and rotational variables. The generalized strain measures can be
arranged in matrix form for convenience as

where 2/\ 12 = K'2 + K21 and £ and K account for extensional/in-plane shear and bend
ing/twisting. respectively; and 2Y:J accounts for transverse shear strain. In the first approxi
mation, 2y:., = 0; whereas this is not the case in the second approximation.

Di1ormation gradient. With these definitions for the generalized strains one can now
derive the matrix Xfrom which the strain field can be obtained directly. Substitution of eqn
(13) into eqn (4), making use ofeqns (16), one obtains

[

I + f. 1 , +.h~K 1 , + 1m' I. 1

X= /; 1! + 111. f( , 2 + 1111' 2.1

2yr,+1E1l'1.1

1:12+h(K2, +hw u

I + 1:22 + IE(K22 + 1111'2.2

2Y!J + IEll'u

w', ]
"1/'., •

I+w',

where the only nonlinear terms, which are products of K., and lEw" have been neglected
based on the small strain hypothesis. Now, from the second of eqn (10) the Jaumann strain
ficld is determined.

Straifl "flagy
One can group the humann strain into three different column matrices from physical

considerations as follows

(17)

where f e includes the extensional and in-plane shearing strains, and f, and f, contain the
transverse shear and transverse normal strains, respectively. Thus. the Jaumann strain can
now be written as

( 18)

A similar procedure can be followed for the three-dimensional Jaumann stress. which
is conjugate to the Jaumann strain, as shown by Ogden (1984), so that

( 19)

where Z. is comprised of the extensional and in-plane shear stresses while Z, and Zl contain
the transverse shear and transverse normal stresses. Therefore, the Jaumann stress may be
rcwri ttcn as

(20)

In light of the above development, the three-dimensional constitutive law between the
Jaumann stress and its conjugate Jaumann strain can be expressed as
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(21)

where De. Des. Del' D.. D'lt and DI are 3 x 3. 3 x 2. 3 x I. 2 x 2. 2 x I and I x I matrices.
respectively. This material elastic law is written with respect to the plate Cartesian axes.
which are not necessarily along any particular material fiber direction because of the
nonhomogeneity of the plate. In other words. the material constants used in eqn (21) must
be the transformed values. from whatever local coordinate systems may be natural to the
individual laminae. to the Cartesian coordinate system of the plate. Xi'

Recalling that h is constant over the entire plate. the strain energy per unit area of the
plate can then be written as

(22)

Let us now decompose the strain energy into two positive definite. quadratic forms. Here
we define the extensional strain energy J,;. and the transverse strain energy J 1 (containing
contributions from both transverse normal and shear strains) as

(23)

17ollowing lJerdil:hevsky (I lJ79). it can he shown that this representation is unique.
Up to this point in the development. the materhll properties arc still completely

general. In order to proceed analytically. we found it helpful to simplify the formul41tion by
specializing eqn (21) somewhat. When each lamina exhibits 41 monoclinic symmetry (e.g.
when fibers in the lIndeformed plate nrc oriented parallel to the phtne of the lIndeformed
plate). the 3 )( 2 matrix Dc, and the 2 x I matrix D'l both vanish. In this case. the extensional
and transverse energies can be written in terms of the three-dimensionnl material propertit:s
as follows:

(24)

where

(25)

After completing the preliminaries of the three-dimensional strain. stress and the strain
energy. we can now turn our attention to the two-dimensional plate modeling.

DIMENSIO:-.lAL REDUCTION

In plate formulations, we attempt to do the impossible-that is, to reproduce, in a
two-dimensional body. the energy stored in a three-dimensional one. This process catlnot
be performed in (m exact matltler. However. due to the interest of working with simpler
systems with smaller dimensions, researchers have turned to asymptotical methods in order
to reduce the dimension of the model for bodies which contain one or more small
parameters. Plates are such bodies. because the thickness of the plate is much smaller than
the other two dimensions.

Thus, in what follows we replace the three-dimensional plate problem by an approxi
mate two-dimensional problem in which the strain energy will only be a function of
the surface coordinates. This will be done with the aid of the variational-asymptotical

$AS 29:2O-H
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formulation originally developed by Berdichevsky (1979). Before getting into the appli
cation of this method. we give a brief overview of it. Then we will develop the first and
second approximations for the laminated plate problem.

Variational-asymptotical method
This formulation is derived for functionals with small parameters. unlike usual

asymptotical formulations for differential equations with small parameters. Rather than
substituting into the functional all the asymptotical orders of the unknown functions at the
beginning. order assessment is done after each approximation.

Consider a given three-dimensional function 9O(f. h) with a small parameter h. We
decompose this functional into two parts

(26)

such that 8 1 is obtained by discarding all smaller contributions to the energy. which are
represented by 8h• Here 'I' is a function of surface coordinates only (in our case these
correspond to the generalized strains) and =1 is a function of all three coordinates (in our
case it corresponds to the warping). Let us minimize the functional, first considering only
the main contribution 8 1

min 90 = min 8 1('I'. =1) ~ 90,.
: I : I

Solution of the Euler equations of this functional can be written symbolically as

=1 = YI ('I'.().

(27)

(28)

which will be designated as the first minimizing function, only if the second ofsuch functions
can be shown to be of higher order. Therefore. there is a need to develop the second
aproximation. To do so, we introduce a minimizing function for the second approximation
so that

(29)

Substituting this into the original functional eqn (26). one will obtain

(30)

where 8 2 is obtained by discarding all the other smaller contributions, which are now
represented by tlu . Then the minimum of the functional becomes

min §" = min tl2 ('I', =2. h) ~ §"2,
:: :2

from which the second minimizing function can be obtained as

(31)

(32)

If this is of higher order than =" then ZI and §"I constitute the first approximation. If this is
not the case. then the estimations for the first and the second approximations must be
corrected and the procedure repeated.

Obviously. in order to prove that Z2 is the second approximation. the third approxi
mation must be developed in a similar manner. The sequence of approximations may be
stopped whenever it is desired. The original functional can then be written after the kth
approximation as
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where =k _ I = =. - Yk('P. o. It can be seen that the two-dimensional functional is now
asymptotically equivalent to the original three-dimensional one.

In the following sections. we will apply this method for nonhomogeneous. laminated
plates in pursuit of the asymptotically correct strain energy. Before doing so. however. it is
appropriate to discuss the estimation procedure. First. we introduce upper bounds on the
in-plane and bending strain measures (e and (b such that

(34)

Now. for the first approximation we choose to keep terms in the strain field that are of the
order of ( where

(35)

This implies that we will have strain energy density of the order Jt( ~ where it is of the order
of the elastic moduli.

Rather than write out complete expressions for the strain field. we will only write the
terms needed to the <lppropri<lte order. The terms not written for the kth approximation
contribute terms to the strain energy of the order JL(2 (II//)2k-1 where k ~ I and where I is
the sOl,llIest constant for which both of the following hold for all possible combinations of
ex <lnd II

(36)

First approximation
Following Ben.lichevsky (1979). we stipulate that 8) = N where N is the unit normal

to the deformed pl<lte average surf~lce. It should be noted that N' R~ = 0 and hence that
2}':1 = o. These constitute the two remaining dependency relations in the context of the first
approximation; they will not be used in the second approximation. Here we denote 8/ as
the deformed pl<lte triad for the first approximation. whose orientation relative to bi can be
specified by an arbitrarily large rotation. For the first approximation only. the measure
numbers of the rotation vector can be found in terms of the gradient of the displacements,
in accord with the well-known Kirchhoff hypothesis.

We now need the terms in the Jaumann strain that contribute to the first approximation.
To get these. we substitute eqn (16) into the second of eqns (10) and group the resulting
terms in accordance with eqns (17). Fin<llly, retaining only those terms that are of order e.
we obtain

(37.38)

and ( )' denotes differentiation with respect to (.
The extensional energy does not include any contribution from warping; thus. only

the transverse energy needs to be minimized with respect to warping. Then, whether the
minimized function is consistent with the above estimates will be explored. Now, the
vari<ltional problem is written as follows:

(39)

to be minimized with the constraints from eqn (14).
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(40)

It can be seen that the first part of the transverse energy. which is due to in-plane warping.
is decoupled from the out-of-plane warping. The minimum value of the first term can be
reached when Wi = 0 with the constraints <w,) = O. Let us investigate the remaining part.
The functional is now

(41)

with the constraint <w) = O. First we define some indefinite integrals associated with the
possibly discontinuous quantity DJ... so that

(42)

Note that inter-lamina continuity of D.L~ must be maintained. leaving only one I x 3 matrix
of integration constants for each of the eqns (42). Next we make a change of variable as

(43)

Then. the functional reduces to the simple form

(44)

We need to find the transformed constraint for this functional. Applying the original
constraint to eqn (43). one can obtain

(IV]) =O.

if the integration constants from eqn (42) are chosen so that

(45)

(46)

Inter-lamina continuity must also be maintained on the warping displacement IV). but
discontinuities in the derivatives of IV) are. of course. permitted.

Now to deal with the transformed variational problem is trivial. since the minimum
ofJ .L(IV), with the constraint given by eqn (45), is reached whenw) = O. Thus. the warping
is obtained for the first approximation of laminated plates as

w, = O. w) = D.L,t:+D.uKh (nonhomogeneous)

(47)

From this equation we see that the warping is of order c. This is, in fact, consistent with
our estimations. However, to accept that this is the first approximation. one needs to
check the second approximation and confirm that the warping function of the second
approximation is of a higher order than that of the first one. It will be seen in the next
section that this is the case. The nature of the warping is simple: the in-plane warping is
zero and the out-of-plane warping consists of the normal line element contracting or
stretching in response to deformation involving t: and K.

Substituting the warping functions into the transverse energy, one can see that in the
first approximation the transverse energy is :ero. The total strain energy per unit area is
then comprised only of the extensional energy
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(48)

It is possible to define the force and moment stress resultants Nand M. respectively. as
follows:

(OJ)T , (CJ)T
N = (Z.)h = h oe ' M = «(Z.)h- = h oK '

which in turn yields the stiffness matrix given by classical laminated plate theory

where

(49)

(50)

(51)

where D'I = Q the well-known tmnsformed reduced stiffness matrix [see Jones (1975)].
The chamcteristics of the first approximation may be summarized as: (I) normal line

clements of the undeformed plate remain stmight and normal to the deformed plate average
surf;ace; (2) the transverse normal strain is not zero; (3) the transverse normal stress is
zero; (4) the tr;ansverse shear stresses arc zero; (5) the transverse energy is zero; and (6)
for both l;amin;ated ;and isotropic cases. the first ;approximation coincides with classical plate
theories.

Second af1f1rtJxinwtiofl
In the context of the second ;approxim;ation, 8,(x ,. x~) is not nccess;arily parallel to N.

Thus. in ;addition to the three constraints in eqn (14) und the choice of 8. such th;at" 12 = "21'

the w;arping can now be shown to satisfy the two additional eonstwints

(52)

which also fixes the orientation of 8 3(x,. X2) as

(53)

Because of this. the shear strain measures 2Y:3 from eqn (15) are not zero. Furthermore. it
may be shown that

(54)

The orientation of the kinematical deformed plate triad 8, relative to bl can be specified in
terms of orientation angles. Rodrigues parameters. or any suitable angular displacement
parameters for arbitrarily large rotation.

For the second approximation. we will consider the terms in the strain expressions
which contribute terms to the strain energy of order J.l(2(h/l) 2. The Jaumann strain for the
second approximation becomes

(55)

where
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e
eXl

0

c, ={~~J Ce = h
e c

ex: 2x 1

(56)

( x: e
0 ex:

According to the rules of variational-asymptotical analysis. here we introduce another set
of warping functions:

(57)

where {'J and L'J are warpings for the second approximation. These must then be substituted
back into the strain energy, (n the extensional strain. the term Cel"1 turns out to be of the
order £(hIf)2. which is of a higher order by (1I1f)2 than the other terms in r e, However. in
the strain energy this unusual term's contribution is of the same order as all the others
which are pertinent to the second 'lpproximation. i.e, IIl: 2 (II//) 2. The two components of
the strain energy turn out to be

U u= «£+'Kh)TDu(t+'KII»+~~_(l:+'Kh)TD[(\lJl2,

UJ.. = (D,v'l)+([Fn +2}""+p\(I)ul:+DuKh)jf D,[I';I +2Y"'+rJ1(Dur:+DJ..2KII)j), (5X)

where the underlined term in the extensional energy is the "unusual" one discussed above.
The strain energy is to be minimized with respect to the perturbed w.trpings l'11 and VJ suojeet
to constr.tints obt'lined from eqns (14) and (52) as

(59)

With the application of the constraints in elln (59), the underlinc.'d term in J" will vanish
if Du is constant through the thickness (i.e, the same in each layer of a laminated plate).
For example, the material constants which make up D II arc constant through the thickness
for homogeneous plates, for laminated plates with the same material in all layers and whose
lamina are each angle plies with building units of the form [0, - 0]. and for lamin'lted plates
whose lamina arc each woven cloth. In general, however, this term is quite troubksome;
indeed, it prevents one from minimizing the strain energy with respect to C'I (because the
energy is not a quadratic form with this term present).

We have chosen to neglect this term, with the knowledge that the resulting theory will
be asymptotically exact only for the constant D II case, and an approximation otherwise.
Alternatively, one could develop a higher-order plate theory, with a sufficient number of
additional kinematical variables to allow this term to be "killed" with additional constraints.
Such a development would be more complex than the one we have pursued here, but would
appear to be superior to theories in which the number of kinematical variables is dependent
on the number of laminae.

Without the underlined term. it can be seen that J I1 remains independent of the wurping,
as in the first approximation, Thus, it is only necessury henceforth to minimize J L' This too
can be simplified. The first part or J 1.' which is due to out-of-plane warping. is decoupled
from the in-plane warping. The minimum value of this can be reached with the constraints
(oJ) = 0, when C' ) :::; O. Let us now investigate the remaining part. The remaining functional
to be minimized is

with constraints taken from the second and third of eqns (59). Let us then define
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C.1.1 = -DJ.I' C~2 = -DJ..2

and make a change of variable

One can then express J J. simply as

Applying the constraints on VI in eqns (59) to eqn (62). one can obtain
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(61)

(62)

(63)

(t',) = «(t'lI) = 0 (64)

if

2'l' = 2'l'*-12(ME,l.le+Eu Kh) (65)

and

(Cll ) = (CJ.2) = 0, (66)

where

Ell ==«(\10, E u =(CuO. (67)

Here eqn (66) is employed in order to find the integration constants coming from eqn (6\).
Here it should once more be noted that in performing the integrations with respect to ,.
inter-lamina continuity on the warping VI and on C.1.. must be satisfied. If these conditions
are met. all integration constants can be determined uniquely.

We now need to solve the transformed variational statement with the functional J.J.(fj)
and constraints given by eqn (64). Following the usual steps of the variational calculus one
can obtain the minimum as

where

tC = /2 (D..o - 8D.2}{Eo- 8E2)- I -/2'. D~o = D.- I. D:2='; D.- I.

(D..o) = O. (D,2) =o. Eo = (D..oO. E2= (D'20.

(68)

(69)

and where 12 is the 2 x 2 identity matrix. Substitution ofiJd from eqns (68) and (69) and 27
from eqn (65) into eqn (62). one can find the in-plane warping as

(70)

Due to in-plane warping. it is evident that the second approximation thus allows the line
elements which are originally normal to the undeformed plate to deform so that they are
no longer straight and. due to shear deformation. no longer normal to the deformed plate.
Substitution of this result into the original functional J J. gives the minimum value of this
functional. that is the shear energy
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(71 )

where

(72)

This completes the solution for the second approximation. Recall that this theory is
asymptotically correct if D:

1
is constant through the thickness; thus its accuracy will be

dependent on the type of construction. It should be noted that '§ is a function only of D,
which. in turn. is a function of the material shear moduli. Gil and Ge)' and the ply angle
for each lamina. If the material is the same in every lamina and if G I J = G!). the transverse
shear stiffness reduces to

~Ij = ~D, (samematerialeachlaminaandG() = Gel). (73)

similar to the transverse shear stiffness for plates made of isotropic materials as tirst derived
by Reissner (1985). Otherwise one must determine ~IJ from eqns (72).

Further simplifications in the warping and transverse shear strain measure can be made
for a homogeneous. monoclinic plate. Equations (70) and (65) reduce to

(74)

while eqn (73) applies as is to this case.
The characteristics of the second approximation may be summarized as: (I) norm.1I

line clements of the undeformed plate do not remain straight and normal to the deformed
plate average surface; (2) the transverse shear stresses arc not zero; (3) the transverse
normal strain is not :ero; and (4) the transverse normal stress is zero.

NONLINEAR PLATE ANALYSIS

The expression for the strain energy per unit area of a laminated plate (excluding
boundary-layer phenomena) is now available from egns (50) and (71) as

{
t:}T[A

hi = ~ K BT

2'(' 0

(75)

This expression for the strain energy is quite simple in form. in spite of the fact that the
theory is valid for large displacements and large rotations (which entcr through nonlinear
expressions for the generalized strains).

Now. wc can give the final form of the constitutive law. In addition [0 the force and
moment stress resultants given by eqn (49). here we define the transvcrse shear stress
resultant as

[
1] JTQ = (Z,)h = h ~- = ~/j2'('.

2(2,')

The two-dimensional elastic law follows as

(76)
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Fig. 2. Planar view of displacement shift to relate u to 2;'.

{:l-[:r ~ ~]{ ~l
Q - 0 0 ~t; 2i"

(77)

Now. let us recapitul~lte the ingredients of the theory as it now stands. The plate
boundary value problem is based on live nonlinear intrinsic equilibrium equations. ~IS shown
by Rerdichevsky (1979) and Hodges ('/ al. (1992). which contain the eight stress resultants
(N. M and Q) and the eight generalized strain measures (I:. K and 2y). The stress resultants
and genenllized strains arc related through the eight scalar equations in the chastic law. eqn
(77). Recalling the kinem~ltical development above. one can lind relations between the
generalized strain measures 1:. K and 2y· ~lOd the ~Iverage surf~lce displacement measures of
u* and two rotational parameters needed to specify the direction of U.l.t Pinally eqn (65)
relates 2/' to 2/'·.

While we have a complete system of equations. a simpler set would be desirable. One
way to a<."Complish this is to introduce a transformed displacement u which can be related
to 2y in the same way the u* is related to 2y*. This can be accomplished by requiring.
analogously to the third of eqn (15), that

(78)

Indeed. it can be shown that a simple shift of the displacement variable along 8 J such that

(79)

will satisfy this requirement. will not change K at all. and will change e only by terms of
order 1::;.

A sketch of how the displacement is shifted in accordance with eqn (79) is shown in
Fig. 2. (The shift is greatly exaggerated in the figure to show its character.) Notice how the
transformed surface may be either above or below the average surface depending on the
sign of the curvature. Also. recall that neither the transformed displacement u nor the
average surface displacement u* correspond to the displacement of a material point on the
undeformed plate mid-surface. which is given in eqn (12).

From the above development. displacement (eqns (47) and (70)]. strain (eqn (55)] and
stress (eqn (21)] for any arbitrary point are obviously available once the plate problem is
solved for the generalized strain measures. (n Fig. 3 a chart is given which depicts the
process of applying the present method to a laminated plate.

t Note thai Ihcre are only two rotation parameters ncccs.'mry because the third rotation can always be chosen
so that F.,z = F.z,. This point is treated in depth by Hodges et af. (1992).
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Fig. 3. Oveniew "f plate an.lI!sis.

CONCLUDING REMARKS

In this paper we have developed a strain energy function for a laminated. anisotropic
plate up through second order in It/I. The present results offer a straightforward approach
to solve the complete plate prohlem. induding determination of elastil' l'Onstants and
warping displacemcnt. strain and stress distributions through the thickness. This generality
is present even though the nUl1lher tlf variables in the present theory is the same as in
Reissner -Mindlin theory. The lirst appro:\imation l'Orresponds to d'lssil.:allaminated plate
theory. All quantities through the sel.:ond apprtnimation. including the shear wrrel.:tion
fal.:tor. arc determined in dosed form. Note that the sccI.>Ild .lppro:\imation is asymptotil.:ally
wrrel.:t only for plates for which thc material wnstants in the m'ltrix D il do not vary through
the thickness. Ilowcvcr. it is believed to he adequ'ltc for brge-deflcl.:tion enginecring 'lIlalysis
of lalllin'lted. liber-rcinforl.:cd plates eadl lamina of whidl possesses monodinic symmetry
'lbout its mid-plane.

A v.did I.:ritil.:ism of the prescnt work would be that it has ignored cdge-zone phenomena.
Although these cffcl.:ts I.:an hc neglel.:tcd in dassical plate theory (the first approximation).
one should take them into al.:l.:ount in the higher approximations where the strain energy
of a loaded edge may depend on the self-e4uilibrated part of the 10'ld. Here we note the
4ualitativcly different contributions of Berdidleysky 1I979) and Arnold and Falk (19g9)
for consistent development for the edge-zone formulation for homogeneous. isotropic
plates. For Iwnhomogeneous. anisotropil.: plates. however. this subjel.:t is still an open
problem.

The present method would need to be extentlt:d to treat general nonhomogeneous.
anisotropic plates. This would provide a means to treat plates which have fiber-reinforce
ment through the thil.:kness. SUdl as wuld result from a three-dimensional braiding manu
t:ll.:turing process. Also. the present method does not provide direl.:t .Kl.:eSS to the peeling
stn.:ss in bminated plates. If a more aCl.:urate estimation were needed than l.:ould be obtained
from integration of the equilibrium equations. one would need to consider higher approxi
mations. Finally. provided the present platc thcory is adc4uately tested and shown to
perform well rebtive to othcr theories. extcnsion of this modeling approal.:h to laminated
shells m.lY prove to be feasible .

.-Ick"",d,·r/""""'"H .' Tedmi.:al dis.:ussions wilh Professor Vi.:l"r L. lIerdiehevsky of the Georgia Inslilule of
T~'Chnolo~yarc gralefully adllllwlcdged. The ,lUlhors als'l lhank ~fr H. W. L~"C for checking lhe ellu.t1ions. This
work was supported hy Ihe U.S. Army Aernstrlll:lures Dire<:lllrale. Lln!:dey' Rescar<:h Cenler. under conlrael
NASA (,iranl NAG·I·109-l. The le<:hni<:all1lonitor is Mr lIoward E. Hinnant.
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